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Abstract
We present formulae for calculating the geometric intersection number of an ar-
bitrary multicurve with so–called elementary curves on non–orientable surfaces
of genus 2, with finitely many punctures and one boundary component, making
use of generalized Dynnikov coordinates.
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1. Introduction
Let Kn (n > 1) denote a non–orientable surface of genus 2 with n punc-
tures and one boundary component. Take a standard model of Kn where the
punctures and the crosscaps are arranged along the horizontal diameter of Kn
as shown in Figure 2, and a crosscap is represented by a disc with a cross to
indicate that the interior of the disc is removed, and the antipodal points on the
boundary of the remaining disk are identified. A multicurve L on Kn is a finite
union of pairwise disjoint essential (i.e. non-contractible and not puncture or
boundary parallel) simple closed curves up to homotopy. We say that a simple
closed curve is non–primitive if either it is the core curve of a crosscap, or it
✩Fully documented templates are available in the elsarticle package on CTAN.
1Since 1880.
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bounds it. Otherwise it is called primitive. Let Ln denote the set of multic-
urves on Kn. Given L1,L2 ∈ Ln, the geometric intersection number i(L1,L2) is
the minimum number of intersections between representatives in the homotopy
classes of L1 and L2.
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Figure 1: i(L,L1) = 4 and i(L,L2) = 0
In this paper, we generalize the geometric intersection formula in [5] for
multicurves on Kn, that is we give formulae to calculate the geometric inter-
section number of a multicurve with so–called elementary curves on Kn from
their generalized Dynnikov coordinates [3], which provide an explicit bijection
Ln → Z
2n+2 \ {0}.
The paper is organized as follows. Section 2 gives a brief summary of the
generalized Dynnikov coordinate system [3], and provides several properties of
multicurves expressed in terms of generalized Dynnikov coordinates which are
necessary for our purposes in Section 3. The results of this paper are given
in Section 3, where we introduce elementary curves on Kn, and give formulae
to calculate the geometric intersection number of an arbitrary multicurve with
each elementary curve on Kn from their generalized Dynnikov coordinates.
2. Generalized Dynnikov Coordinates of Multicurves
Let αi (1 ≤ i ≤ 2n − 2), βi (1 ≤ i ≤ n + 1) and γ denote the generalized
Dynnikov arcs, and c1, c2 denote the generalized Dynnikov curves which are
the core curves of the crosscaps depicted in Figure 2. Given L ∈ Ln let L
be a minimal representative of L (that is, L intersects each of the generalized
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Figure 2: The generalized Dynnikov arcs αi, βi, γ and curves c1, c2 on Kn
Dynnikov arcs and curves minimally). We write (α; β; γ; c1, c2) for the set of
intersection numbers associated to L, noting the special interpretation for the
coordinates c1 and c2: that is, let di denote the non–primitive curve bounding
crosscap i (Figure 4). If L contains ci, we write ci = −1; if it contains m ∈ Z
+
parallel copies di we write ci = −2m; and if it contains both ci and m parallel
copies of and di we write ci = −2m− 1 [3, 4].
Given 1 ≤ i ≤ n−1, let Si denote the region bounded by the arcs βi and βi+1
containing puncture i + 1. We denote by S0 the left most region bounded by
β1 and the boundary ∂(Kn) of Kn containing the first puncture. Let S
′
1 and S
′
2
denote the regions containing the first and second crosscaps respectively. That
is, S′1 is bounded by the arcs βn and βn+1, and S
′
2 is bounded by βn+1 and
∂(Kn). A path component of L in Si; 0 ≤ i ≤ n− 1 (respectively S
′
i; i = 1, 2) is
a connected component of L ∩ Si ( respectively L ∩ S
′
i). Since L is minimal it
has finitely many path components in Si and S
′
i:
Path components of L in Si (1 ≤ i ≤ n− 1) are as depicted in Figure 3, which
can be listed as follows:
• An above component in Si lies above puncture i + 1. That is, it has one
3
endpoint on each of the arcs βi and βi+1, and intersects α2i−1 but not α2i.
• A below component in Si lies below puncture i + 1. That is, it has one
endpoint on each of the arcs βi and βi+1, and intersects α2i but not α2i−1.
• A left loop component in Si has both endpoints on βi+1 and intersects
both of the arcs α2i−1 and α2i.
• A right loop component in Si has both endpoints on βi and intersects both
of the arcs α2i−1 and α2i.
In S0 there can only be left loop components which hence have end points on
β1.
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Figure 3: The first figure depicts left loop components and the second figure depicts right
loop components in Si. Both figures depict above and below components.
Path components of L in S′1 are as depicted in Figure 4, which can be listed as
follows:
• An above component in S′1 has one endpoint on each of the arcs βn and
βn+1, and lies above the first crosscap. Hence, it intersects γ but not c1.
• A below component in S′1 has endpoint on each of the arcs βn and βn+1,
and lies below the first crosscap. Hence, it neither intersects γ nor c1.
• A straight core component in S′1 has one endpoint on each of the arcs βn
and βn+1, and intersects c1.
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• A right loop component in S′1 has both endpoints on βn and intersects γ.
If it intersects c1, it is called right core loop component. Otherwise it is
called right non-core loop component.
• A left loop component in S′1 has both endpoints on βn+1 and intersects
γ. If it intersects c1, it is called left core loop component. Otherwise it is
called left non-core loop component.
• Non–primitive curves c1 and the bounding curve d1.
Path components of L in S′2 are only right core/non–core loop components which
hence have end points on βn+1, the non–primitive curves c2 and the bounding
curve d2.
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Figure 4: The first figure depicts above, below and straight core components; the second figure
depicts right core/non–core loop components, the third figure depicts left core/ non–core loop
components; and the fourth figure depicts non-primitive curves c1 and d1 in S′1.
Remarks 1 present several properties of L in terms of intersection numbers
(α; β; γ; c1, c2), proofs of which can be found in [3].
Remarks 1. (a) Observe from Figure 3 and Figure 4 that there cannot be
both left loop and right loop components in Si and S
′
i since the curves in L
are mutually disjoint. For 1 ≤ i ≤ n let
bi =
βi − βi+1
2
.
Then |bi| gives the number of loop components in each Si (1 ≤ i ≤ n − 1)
and S′1, and the loop components are left if bi < 0, and they are right if
bi > 0. Also note that, the loop components in S0 are always left and the
5
loop components in S′2 are always right, and the number of loop components
in S0 and S
′
2 are respectively given by
β1
2 and
βn+1
2 .
(b) Write x+ := max(x, 0). Let ψ denote the number of straight core compo-
nents in S′1. Then
ψ = max(c+1 − |bn|, 0). (1)
Let λi, λci denote the number of non–core loop and core loop components
in S′i (i = 1, 2). Then,
λ1 = max(|bn| − c
+
1 , 0) and λc1 = min(|bn|, c
+
1 ) (2)
λ2 =
βn+1
2
− c2 and λc2 = c2. (3)
We will also need the number of right non–core loop components λ+1 about
the first crosscap, which is given by λ+1 = b
+
n − c
+.
(c) Let Ai and Bi denote the number of above and below components in Si
(1 ≤ i ≤ n− 1) respectively. Observe from Figure 3 that
Ai = α2i−1 − |bi| and Bi = α2i − |bi|. (4)
Now let A′ and B′ denote the number of above and below components in
S′1. Set t = A
′ −B′. Then,
A′ = t− ψ +max(βn, βn+1)− 2|bn| (5)
B′ = −t− ψ +max(βn, βn+1)− 2|bn| (6)
2.1. The generalized Dynnikov coordinates
The generalized Dynnikov coordinate system gives for each n > 1, a bijection
ρ : Ln → Z
2n+2 \ {0} defined by
ρ(L) = (a; b; t; c1, c2) := (a1, . . . , an−1; b1, . . . , bn; t; c1, c2)
6
where
ai =
α2i − α2i−1
2
for 1 ≤ i ≤ n− 1, (7)
bi =
βi − βi+1
2
for 1 ≤ i ≤ n, (8)
t = A′ −B′, (9)
For example, the black curve L ∈ L2 in Figure 1 has generalized Dynnikov
coordinates ρ(L) = (−1; 1; −1; 1, 1).
Theorem 1 recovers the intersection numbers (α; β; γ; c1, c2) of the multi-
curve L from its generalized Dynnikov coordinates (a; b; t; c1, c2). This yields
constructing the corresponding multicurve by determining the number of each
path component in Si (1 ≤ i ≤ n− 1), S
′
1 and S
′
2 from Remarks 1 as illustrated
in Example 1
Theorem 1. Let (a; b; t; c1, c2) ∈ Z
2n+2 \ {0}, and
X = 2 max
1≤r≤n−1

|ar|+max(br, 0) +
r−1∑
j=1
bj

 (10)
Y =

|t|+ 2max(bn, 0) + ψ + 2
n−1∑
j=1
bj

 (11)
β∗i = max(X,Y )− 2
i−1∑
j=1
bj and R = max(0, 2c2 − β
∗
n+1) (12)
Then (a; b; t; c1; c2) is the generalized Dynnikov coordinate of exactly one ele-
ment L ∈ Ln with
βi = β
∗
i + 2R (13)
αi =


(−1)ia⌈i/2⌉ +
β⌈i/2⌉
2 if b⌈i/2⌉ ≥ 0,
(−1)ia⌈i/2⌉ +
β1+⌈i/2⌉
2 if b⌈i/2⌉ ≤ 0,
(14)
γ = 2(A′ + |bn|+ ψ). (15)
Here ⌈x⌉ denotes the smallest integer which is not less than x.
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Example 1. Let L ∈ L2 be a multicurve with generalized Dynnikov coordi-
nates ρ(L) = (2; 1, 0; −2; 2, 0). From Remarks 1 and Theorem 1 we get that
α1 = 1, α2 = 5, β1 = 6, β2 = 4, β3 = 4, γ = 4; and hence there are no
above components, four below components, and one right loop component in S1
since A1 = 0, B1 = 4 and b1 = 1; there are no above components, two below
components, no loop components and two straight core components in S′1 since
A′ = 0, B′ = 2, b2 = 0 and ψ = 2. Finally, there are three loop components in
S0 since β1 = 6 and two non–core loop and no core loop components in S
′
2 since
λ2 = 2, λc2 = 0. Gluing together these path components uniquely determine the
curve depicted in Figure 5.
Figure 5: Connecting path components in each region determines L uniquely up to isotopy
3. Geometric intersection of multicurves with elementary curves
Definition 1. We say that an essential simple closed curve onKn is elementary
if it satisfies one of the three properties stated as follows: it intersects the
diameter of Kn exactly twice and has zero intersection with the crosscaps; it
intersects each crosscap exactly once and has zero intersection with the diameter
of Kn, it is a non–primitive curve. That is, it is either a non–primitive curve or
one of the five types of curves listed below:
• Ci,j (1 ≤ i < j ≤ n) bounds a disk containing the set of punctures
i, i+ 1, . . . , j; and is given with generalized Dynnikov coordinates
ρ(Cij) = (0, . . . , 0; b1, . . . , bn; 0; 0, 0)
8
where bi−1 = −1 if i > 1, bj−1 = 1 and bm = 0 for all other cases.
• C′i,1 (1 ≤ i ≤ n) bounds a disk containing the set of punctures i, i+ 1, . . . , n
and the first crosscap; and is given with generalized Dynnikov coordinates
ρ(C′i,1) = (0, . . . , 0; b1, . . . , bn; 0; 0, 0)
where bi−1 = −1 if i > 1, bn = 1 and bm = 0 for all other cases.
• C′i,2 (1 < i ≤ n) bounds a disk containing the set of punctures i, i+ 1, . . . , n
and both crosscaps; and is given with generalized Dynnikov coordinates
ρ(C′i2) = (0, . . . , 0; b1, . . . , bn; 0; 0, 0)
where bi−1 = −1 and bm = 0 for all other cases.
• C bounds a disk containing both crosscaps but no punctures; and is given
with generalized Dynnikov coordinates
ρ(C) = (0, . . . , 0; b1, . . . , bn; 0; 0, 0)
where bn = −1 and bm = 0 for all other cases.
• D intersects the first and the second crosscap once, and has zero inter-
section with the diameter of Kn; and is given with generalized Dynnikov
coordinates
ρ(D) = (0, . . . , 0; 0; b1, . . . , bn; 0; 1, 1)
where bn = −1 and bm = 0 for all other cases. See Figure 6.
We say that a multicurve is elementary if each of its components is elemen-
tary.
9
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Figure 6: Elementary curves on Kn
3.1. Large path components
For each l and m with 1 ≤ l ≤ m ≤ n− 1 let Sl,m =
⋃m
i=l Si be the subset
of Kn bounded by the arcs βl and βm+1. S0,m is bounded by ∂(Kn) and βm+1.
Let S′l,1 = Sl,n−1 ∪ S
′
1 and S
′
l,2 = S
′
l,1 ∪ S
′
2. Let Ak and Bk denote the number
of above and below components in Sk (1 ≤ k ≤ n − 1); and A
′ and B′ denote
the number of above and below components in S′1.
We begin with large over and large under components which are depicted in
Figure 8.
Large over components in Sl,m (l ≥ 1) (respectively S
′
l,1) have end points
on βl and βm+1 (respectively βn+1) and lie entirely above the diameter of Kn.
Let Al,m and A
′
l denote the number of large over components in Sl,m and S
′
l,1
respectively. Since large over components are the highest components in each
of the Si and S
′
1 we get
Al,m = min
l≤k≤m
Ak and A
′
l,1 = min(Al,n−1, A
′) (16)
Large under components in Sl,m (l ≥ 1) (respectively S
′
l,1) have end
points on βl and βm+1 (respectively βn+1) and lie entirely below the diameter
of Kn. Let Bl,m and B
′
l denote the number of large under components in Sl,m
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and S′l,1 respectively. Since large under components are the lowest components
in each of the Si and S
′
1 we get
Bl,m = min
l≤k≤m
Bk and B
′
l,1 = min(Bl,n−1, B
′) (17)
Next, we define large right loop and large left loop components which are
depicted in Figure 7.
Large right loop components in Sl,m have both end points on βl, and
intersect the diameter ofKn only between βm+1 and puncturem+1. Large right
loop components in S′l,1 (respectively S
′
l,2) also have both end points on βl, and
intersect the diameter only between the first crosscap and βn+1 (respectively
between the second crosscap and ∂(Kn)). Let Rl,m and R
′
l,j denote the number
of large right components in Sl,m and S
′
l,j (j = 1, 2) respectively. Observe from
Figure 8 that
Rl,m = min(Al,m−1 −Al,m, Bl,m−1 −Bl,m, b
+
m), (18)
R′l,1 = min(Al,n−1 −A
′
l,1, Bl,n−1 −B
′
l,1, λ
+
1 ) (19)
R′l,2 = min(A
′
l,1, B
′
l,1, λ2) (20)
Figure 8 depict the calculation of large right loop components in Sl,m. Large
left loop components in Sl,m are calculated similarly.
Large left loop components in Sl,m have both end points on βm+1, and
intersect the diameter of Kn only between βl and puncture l + 1. Large left
loop components in S′l,1 also intersect the diameter of Kn only between βl and
puncture l + 1, and have end points βn+1. Note that there is no large left loop
component in S′l,2. Let Ll,m and L
′
l,1 denote the number of large left components
in Sl,m and S
′
l,1 respectively.
11
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Figure 7: Large right and large left loop components
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from large above and large below components
Ll,m = min(Al+1,m −Al,m, Bl+1,m −Bl,m, (−bl)
+) (21)
L′l,1 = min(A
′
l+1,1 −A
′
l,1, B
′
l+1,1 −B
′
l,1, (−bl)
+) (22)
Note that R0,m = 0 and L0,m = min(A1,m, B1,m,
β1
2 ) since there are no
above, below and right loop components in S0, and hence A0,m = B0,m = 0.
Theorem 2 and Theorem 3 give formulae to calculate the geometric intersec-
tion number of a given multicurve L ∈ Ln with the elementary curves on Kn,
making use of large path components.
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Theorem 2. Given L ∈ Ln with intersection numbers (α; β; γ; c1, c2), we have
i(L, Ci,j) = βi−1 + βj − 2(Ri−1,j−1 + Li−1,j−1 +Ai−1,j−1 +Bi−1,j−1) (23)
i(L, C′i,1) = βi−1 + βn+1 − 2(R
′
i−1,1 + L
′
i−1,1 +A
′
i−1,1 +B
′
i−1,1) (24)
i(L, C′i,2) = βi−1 − 2R
′
i−1,2 (25)
i(L, C) = βn − 2R
′
n,2 (26)
Proof. Let γi,j , γ
′
i,1, γ
′
i,2 and γ be minimal representatives of the elementary
curves Ci,j , C
′
i,1, C
′
i,2 and C respectively. We first consider γi,j . Take a minimal
representative L of L with respect to the generalized Dynnikov arcs and curves,
and to γi,j . Observe that the number of path components in Si−1,j−1 which
are not simple closed curves is given by
βi−1+βj
2 , and each such component
is either disjoint from γi,j , or intersects it twice. The former components are
precisely large over, large under, large right loop and large left loop components
in Si−1,j−1 (Figure 9). Therefore, we get (23) as requested. Similarly, the
number of path components which are not simple closed curves is given by
βi−1+βn+1
2 in S
′
i−1,1; (respectively
βi−1
2 in S
′
i−1,2 and
βn
2 in S
′
n,2). Again each
such component in S′i−1,1 (respectively in S
′
i−1,2 and S
′
n,2 ) is either disjoint
from γ′i,1 (respectively γ
′
i,2 and γ) or intersects it twice. The components which
are disjoint from γ′i,1 are large over, large under, large right/large left loop
components in S′i−1,1; the components which are disjoint from γ
′
i,2 are large
right loop components in S′i−1,2 and the components which are disjoint from γ
are large right loop components in S′n,2 (Figure 9). Hence we get (24), (25) and
(26) as requested.
Theorem 3. Given L ∈ Ln with intersection numbers (α; β; γ; c1, c2), we have
i(L,D) =


|c1 − c2| if i(L, C) = 0,
i(L, C)− c1 − c2 if i(L, C) 6= 0
where i(L, C) is as given in Theorem 2.
13
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′
i1, γ
′
i2 and γ respectively. Large left loop components can be
depicted similarly.
Proof. Let D be a minimal representative of D, and let L be a minimal rep-
resentative of L with respect to the generalized Dynnikov arcs and curves, and
to D. We consider two cases, when i(L, C) = 0 and when i(L, C) 6= 0.
• Let i(L, C) = 0. Observe from Figure 10 that the components of L in
S′n,2 could be simple closed curves supported on a Klein Bottle minus a
disk possibly with non–primitive curves, large right loop components and
copies of C curves, and hence bn ≤ 0. The only components of L which
intersect D are non–core loops which don’t arise from R′n,2 components
and C curves, and hence have end points on the other crosscap as depicted
in Figure 10. Suppose without loss of generality that c1 ≤ c2, and let
x denote the number of such loop components, that is, non–core loop
components about the first crosscap which don’t arise from C curves, and
hence have end points on the second crosscap. Then, we get c2 = c1 + x
since bn ≤ 0. Similar argument holds for the case c2 ≤ c1.
• Let i(L, C) 6= 0. There are 3 subcases as illustrated in Figure 11:
– If c1 = c2 = 0 (Figure 11(a)) then i(L, C) = i(L, D), and hence
i(L, C) = c1 + c2 + i(L,D).
– If c1 = c2 6= 0 (Figure 11(b)) then i(L,D) = 0 and hence
i(L, C) = 2c1 = 2c2 = c1 + c2 + i(L,D).
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Figure 11: Geometric intersection with D when i(C,L) 6= 0
– If c1 6= c2 (Figure 11(c)) we may suppose without loss of generality
that c1 > c2. Then, c1 = c2 + i(L,D), and hence
i(L, C) = c1 + c2 + i(L,D).
Example 2. Let L ∈ L2 be a multicurve with generalized Dynnikov coordinates
ρ(L) = (−1; 1, 0; 1; 1, 1). We compute i(L, C′22) and i(L,D) using the formulae
in Theorem 2 and Theorem 3. By Theorem 1, L has intersection numbers
(α1, α2;β1, β2, β3; γ1; c1, c2) = (3, 1; 4, 2, 2; 4; 1, 1).
From Remarks 1, we get λ2 = 0; and A1 = 2 and B1 = 0, A
′ = 1 and
B′ = 0. Then by (16) and (17)
A′1,1 = min(A1, A
′) = 1 and B′1,1 = min(B1, B
′) = 0
and hence by (20)
R′1,2 = min(A
′
1,1, B
′
1,1, λ2) = 0 and R
′
2,2 = (A
′, B′, λ2) = 0.
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By Theorem 2,
i(L, C′22) = β1 − 2R
′
1,2 = 4− 0 = 4, and i(L, C) = β2 − 2R
′
2,2 = 2− 0 = 2.
Theorem 3 gives i(L,D) = i(L, C) − c1 − c2 = 2 − 1 − 1 = 0 since i(L, C) 6= 0.
Therefore, we get i(L, C′22) = 4 and i(L,D) = 0. This example is illustrated in
Figure 1 where L1 and L2 correspond to C
′
22 and D respectively.
Remarks 2. To calculate the geometric intersection number of two arbitrary
multicurves on Kn, one could calculate the action of the mapping class group
of Kn [2] in terms of generalized Dynnikov coordinates and combine it with the
formulae stated in this paper. This would yield an algorithm analogous to the
one given in [1].
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